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$m,$ $n$ $m\geq n$ $m\cross n$ $A$
$A=U_{0}\Sigma_{0}V_{0}^{T}, U_{0}\in O(m), V_{0}\in O(n), \Sigma_{0}=(\begin{array}{l}\sum_{1}0\end{array})$ (1.1)
$\Sigma_{1}=$ diag $(\sigma_{1}, \ldots, \sigma_{n}),$ $\sigma_{1}\geq\cdots\geq\sigma_{n}\geq 0$
(1.1) $A$ $\sigma_{i},$ $i=1,$ $\ldots,$ $n$ $A$ [4,7]. $u_{1},$ $\ldots,$ $u_{m}$
$v_{1},$
$\ldots,$
$v_{n}$ $U_{0}$ $V_{0}$ $U_{0}=(u_{1}, \ldots, u_{m})$ ,




maximize tr $(U^{T}AVN)$ , (1.3)
subject to $U\in \mathbb{R}^{m\cross p},$ $V\in \mathbb{R}^{n\cross p},$ $U^{T}U=V^{T}V=I_{p}$ . (1.4)
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$1\leq p\leq n$ $N=$ diag $(\mu_{1}, \ldots, \mu_{p}),$ $\mu_{1}>\cdots>\mu_{p}>0$
1.1. $m\geq n$ $m\cross n$ $A$ (1.2) $\sigma_{1}\geq$
. . . $\geq\sigma_{n}\geq 0$ $(U_{*}, V_{*})$ 1.1 $U_{*}$ $V_{*}$
$A$
$p$





St $(p, n)=\{Y\in \mathbb{R}^{n\cross p}|Y^{T}Y=I_{p}\}$ (1.6)
1.1 $U\in \mathbb{R}^{m\cross p},$ $V\in \mathbb{R}^{n\cross p},$ $U^{T}U=V^{T}V=I_{p}$
$(U, V)\in St(p, m)\cross St(p, n)$
$-1$ 1.1
1.2.
minimize $F(U, V)=-$ tr $(U^{T}AVN)$ , (1.7)









subject to $x\in \mathbb{R}^{N}.$
Algorithm 2.1 $\mathbb{R}^{N}$
1: $x_{0}\in \mathbb{R}^{N}$
2: for $k=0,1,2,$ $\ldots$ do


























2.1. $R:TMarrow M$ $R$ $R_{x}:=R|_{T_{x}M}$





Algorithm 2.2 $-$ $M$
$x_{0}\in M$




2.2. $f$ $M$ $R$
$\overline{\alpha}>0,$ $\beta,$ $\sigma\in(0,1)$






3 St $(p, m)\cross$ St $(p, n)$
$St(p, m)\cross St(p, n)$ 1.2 $St(p, m)\cross St(p, n)$
$F(U, V)=tr(U^{T}AVN)$ St $(p, n)$
[1,3]
3.1
$Y\in$ St $(p, n)$ $T_{Y}$St $(p, n)$
$T_{Y}$St $(p, n)=\{\xi\in \mathbb{R}^{n\cross p}|\xi^{T}Y+Y^{T}\xi=0\}$ (3.1)
$St(p, m)\cross St(p, n)$ $(U, V)$
$T_{(U,V)}(St(p, m)\cross St(p, n))\simeq T_{U}St(p, m)\cross T_{V}St(p, n)$
$=\{(\xi, \eta)\in \mathbb{R}^{m\cross p}\cross \mathbb{R}^{n\cross p}|\xi^{T}U+U^{T}\xi=\eta^{T}V+V^{T}\eta=0\}$ (3.2)
St$(p, n)$ $\mathbb{R}^{n\cross p}$ $\mathbb{R}^{n\cross p}$
$\langle\xi_{1},$ $\xi_{2}\rangle_{Y}$ $:=$ tr $(\xi_{1}^{T}\xi_{2})$ , $\xi_{1},$ $\xi_{2}\in T_{Y}St(p, n)$ (3.3)
$St(p, m)\cross St(p, n)$
$\langle(\xi_{1}, \eta_{1}),$ $(\xi_{2}, \eta_{2})\rangle_{(U_{)}V)}$ $:=\langle\xi_{1},$ $\xi_{2}\rangle_{U}+\langle\eta_{1},$ $\eta_{2}\rangle_{V}=$ tr $(\xi_{1}^{T}\xi_{2})+$ tr $(\eta_{1}^{T}\eta_{2})$ ,
$(\xi_{1}, \eta_{1}), (\xi_{2}, \eta_{2})\in T_{(U,V)}(St(p, m)\cross St(p, n))$ (3.4)
$T_{(U,V)}(St(p, m)\cross St(p, n))$
$T_{(U,V)}(St(p, m)\cross St(p, n))\simeq T_{U}St(p, m)\cross T_{V}St(p, n)$ (3.5)
3.1. $(B, C)\in \mathbb{R}^{m\cross p}\cross \mathbb{R}^{n\cross p}$ $(U, V)\in St(p, m)\cross St(p, n)$
$T_{(U,V)}(St(p, m)\cross St(p, n))$ $P_{(U,V)}$
$P_{(U,V)}(B, C)=(P_{U}(B), P_{V}(C))$ (3.6)
$P_{U}(B)=B-U$ sym $(U^{T}B),$ $P_{V}(C)=C-V$ sym $(V^{T}C)$ (3.7)




$St(p, m)\cross St(p, n)$ 1 $QR$
$n\cross p$ $B$ $QR$
$B=QR, Q\in St(p, n), R\in S_{upp}^{+}(p)$ (3.8)
$S_{upp}^{+}(p)$ $p\cross p$
[4, 7]. $qf()$ $QR$ $Q$ $B$ (3.8)
$QR$ $qf(B)=Q$ $QR$ $St(p, m)\cross St(p, n)$
3.2. $(U, V)\in St(p, m)\cross St(p, n)$ $R_{(U,V)}$ $T_{(U,V)}(St(p, m)\cross St(p, n))$
St $(p, m)\cross$ St $(p, n)$
$R_{(U,V)}(\xi, \eta)=(qf(U+\xi), qf(V+\eta))$ , $(\xi, \eta)\in T_{(U,V)}(St(p, m)\cross St(p, n))$ (3.9)
$R_{(U,V)}$ $(U, V)\in St(p, m)\cross St(p, n)$
$R:T(St(p, m)\cross St(p, n))arrow St(p, m)\cross St(p, n)$ $St(p, m)\cross St(p, n)$
Proof. $(qf(U+\xi), qf(V+\eta))\in$ St $(p, m)\cross$ St $(p, n)$ $qf$
$R_{(U,V)}(0,0)=(qf(U), qf(V))=(U, V)$ . (3.10)
$Dqf(Y)[\triangle]=\triangle$ $\triangle\in T_{Y}St(p, n)$ [1]




$F$ $(U, V)\in St(p, m)\cross St(p, n)$ $gradF(U, V)$
$\langle gradF(U, V),$ $(\xi, \eta)\rangle_{(U,V)}=DF(U, V)[(\xi, \eta)],$ $(\xi, \eta)\in T_{(U,V)}(St(p, m)\cross St(p, n))$ (3.12)
$HessF(U, V)$
$T_{(U,V)}(St(p, m)\cross St(p, n))$ $\nabla_{(\xi,\eta)g}radF$ $(U, V)$
$HessF(U, V)[(\xi, \eta)]$ $:=\nabla_{(\xi,\eta)}gradF,$ $(\xi, \eta)\in T_{(U,V)}(St(p, m)\cross St(p, n))$ . (3.13)
St $(p, m)\cross$ St $(p, n)$ $\nabla$
44
$F$ 1.2
$F(U, V)=-$ tr $(U^{T}AVN)$ (3.14)
3.3. (3.14) $(U, V)\in St(p, m)\cross St(p, n)$
$gradF(U, V)=(U$ sym $(U^{T}AVN)-AVN,$ $V$ sym $(V^{T}A^{T}UN)-A^{T}UN)$ (3.15)




$=$ $(U$ sym $(U^{T}AVN)-AVN,$ $V$ sym $(V^{T}A^{T}UN)-A^{T}UN)$ . (3.16)
3.4. $(\xi, \eta)$ $(U, V)\in$ St $(p, m)\cross St(p, n)$
$S_{1}=$ sym $(U^{T}AVN),$ $S_{2}=$ sym $(V^{T}A^{T}UN)$ (3.14) $(U, V)$
$T_{(U,V)}$ $(St(p, m)\cross St(p, n))$
$HessF(U, V)[(\xi, \eta)]=(\xi S_{1}-A\eta N-U$ sym $(U^{T}(\xi S_{1}-A\eta N))$ ,
$\eta S_{2}-A^{T}\xi N-V$ sym $(V^{T}(\eta S_{2}-A^{T}\xi N)))$ (3.17)
Proof. $(U(t), V(t))$ $(U(0), V(0))=(U, V),$ $(\dot{U}(0),\dot{V}(0))=(\xi, \eta)$ St $(p, m)\cross$
St $(p, n)$ $U(t)$ $V(t)$
$\ddot{U}(0)=-U\xi^{T}\xi,$ $\ddot{V}(0)=-V\eta^{T}\eta$ (3.18)
[1, 9]. $\langle HessF(U, V)[(\xi, \eta)],$ $(\xi, \eta)\rangle_{(u,v)}$ $\frac{d^{2}}{dt^{2}}F(U, V)$ $t=0$
$\langle HessF(U, V)[(\xi, \eta)], (\xi, \eta)\rangle_{(U,V)}=\frac{d^{2}}{dt^{2}}F(U(t), V(t))|_{t=0}$
$=$ tr $(\xi^{T}\xi U^{T}AVN+U^{T}AV\eta^{T}\eta N-2\xi^{T}A\eta N)$ . (3.19)
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$(\xi, \eta)$ $(\zeta, \chi)$
$\langle HessF(U, V)[(\xi, \eta)], (\zeta, \chi)\rangle_{(U,V)}$
$= \frac{1}{2}(\langle HessF(U, V)[(\xi, \eta)+(\zeta, \chi)], (\xi, \eta)+(\zeta, \chi)\rangle_{(U,V)}$
$-\langle HessF(U, V)[(\xi, \eta)], (\xi, \eta)\rangle_{(U,V)}-\langle HessF(U, V)[(\zeta, \chi)], (\zeta, \chi)\rangle_{(U,V)})$
$=\langle P_{(U,V)}((\xi S_{1}-A\eta N), (\eta S_{2}-A^{T}\xi N)), (\zeta, \chi)\rangle_{(U,V)}$ (3.20)
$HessF(U, V)[(\xi, \eta)]=P_{(U,V)}((\xi S_{1}-A\eta N), (\eta S_{2}-A^{T}\xi N))$
$=$ $(\xi S_{1}-A\eta N-U$ sym $(U^{T}(\xi S_{1}-A\eta N)),$ $\eta S_{2}-A^{T}\xi N-V$ sym $(V^{T}(\eta S_{2}-A^{T}\xi N)))$ .
(3.21)
4 $St(p, m)\cross St(p, n)$
1.2
4.1 $St(p, m)\cross St(p, n)$
2.2 $())$ ) $x_{k}$ $\triangle_{k}\in T_{x_{k}}M$




$-gradF(U_{k}, V_{k})=(AV_{k}N-U_{k}$ sym $(U_{k}^{T}AV_{k}N),$ $A^{T}U_{k}N-V_{k}$ sym $(V_{k}^{T}A^{T}U_{k}N))$ (4.2)
46
Algorithm 4.1 1.2
1: $(U_{0}, V_{0})\in St(p, m)\cross St(p, n)$
2: for $k=0,1,2,$ $\ldots$ do
3: $(\xi_{k}, \eta_{k})\in\tau_{(U,V)}$ $(St(p, m)\cross St(p, n))$
$\xi_{k}=AV_{k}N-U_{k}$ sym $(U_{k}^{T}AV_{k}N),$ $\eta_{k}=A^{T}U_{k}N-V_{k}$ sym $(V_{k}^{T}A^{T}U_{k}N)$ (4.3)
4: $t_{k}>0$
5: $(U_{k+1}, V_{k+1})=R_{(u_{k},v_{k})}(t_{k}(\xi_{k,\eta_{k}}))$ $R$





[1]. $St(p, m)\cross St(p, n)$
4.1 $F$
[9], 1.2
4.2 St $(p, m)\cross$ St $(p, n)$
$\mathbb{R}^{N}$ 2.1 ( )
$x_{k}\in \mathbb{R}^{N}$ $\triangle_{k}\in \mathbb{R}^{N}$






$M$ gradf $(x_{k})\in T_{x_{k}}M,$ $gradf(x_{k-1})\in T_{x_{k-1}}M$
2 (4.5)
$M$ $gradf(x_{k})\in T_{x_{k}}M,$ $\triangle_{k-1}\in T_{x_{k-1}}M$ (4.5)
( ). Smith [10]
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Absil [1] vector transport
4.1.
$\mathcal{T}:TM\oplus TMarrow TM:(\eta_{x}, \xi_{x})\mapsto \mathcal{T}_{\eta_{x}}(\xi_{x})\in TM$ (4.7)








$\beta_{k}=\frac{\langle gradf(x_{k}),gradf(x_{k})-\mathcal{T}_{\alpha_{k-1}\eta_{k-1}}(gradf(x_{k-1}))\rangle_{x_{k}}}{\langle gradf(x_{k-1}),gradf(x_{k-l})\rangle_{x_{k-1}}}$ (4.10)
St $(p, m)\cross$ St $(p, n)$ vector transport $\mathcal{T}$
4.1. $M=$ St $(p, m)\cross$ St $(p, n)$ $\mathcal{T}:TM\oplus TMarrow TM$
$\mathcal{T}_{(\xi,\eta)}(\zeta, \chi)$ $:=(\zeta-$ qf$(U+\xi)$ sym $(qf(U+\xi)^{T}\zeta),$ $\chi-$ qf$(V+\eta)$ sym $(qf(V+\eta)^{T}\chi))$
(4.11)
$(\xi, \eta),$ $(\zeta, \chi)\in\tau_{(U,V)}(St(p, m)\cross St(p, n))$ $\mathcal{T}$
St $(p,m)\cross$ St$(p, n)$ vector transpo
Proof. $M$ $R$
$\mathcal{T}_{\eta_{x}}(\xi_{x})=P_{R_{x}(\eta_{x})}(\xi_{x}) , \eta_{x}, \xi_{x}\in T_{x}M$, (4.12)
$\mathcal{T}$ $M$ vector transport [1]. $P_{R_{x}(\eta_{x})}$ $M$
$R_{x}(\eta_{x})$ $M=St(p, m)\cross St(p, n)$ $QR$
$R((3.9))$ (4.11)





4. $3$ $St(p, m)\cross$ St $(p, n)$
$M$ 2.2
$x_{k}\in M$ $\triangle_{k}\in T_{x_{k}}M$
$Hessf(x_{k})[\triangle_{k}]=-gradf(x_{k})$ (4. 13)
$t_{k}=1$ 1.2
Algorithm 4.2 1.2 $-$
1: $(U_{0}, V_{0})\in St(p, m)\cross St(p, n)$
2: for $k=0,1,2,$ $\ldots$ do
3:
$\{\begin{array}{l}\xi_{k}S_{1,k}-A\eta_{k}N-U_{k} sym (U_{k}^{T}(\xi_{k}S_{1,k}-A\eta_{k}N))=AV_{k}N-U_{k}S_{1,k},(4.14)\eta_{k}S_{2,k}-A^{T}\xi_{k}N-V_{k} sym (V_{k}^{T}(\eta_{k}S_{2,k}-A^{T}\xi_{k}N))=A^{T}U_{k}N-V_{k}S_{2,k}\end{array}$
$(\xi_{k}, \eta_{k})$ $\in$ $T_{(U_{k},V_{k})}(St(p, m)\cross St(p, n))$ $S_{1,k}$ $=$
sym $(U_{k}^{T}AV_{k}N)$ , $S_{2,k}=$ sym $(V_{k}^{T}A^{T}U_{k}N)$














Algorithm 4.3 $p=1$ 1.2 $-$
1: $(u_{0}, v_{0})\in St(1, m)\cross St(1, n)=S^{m-1}\cross S^{n-1}$







5 $St(p, m)\cross St(p, n)$
$p=1$ 1.2 $A$
50
Algorithm 5.1 $p=1$ 1.2
1: $(U_{0}, V_{0})\in S^{m-1}\cross S^{n-1}$ $-$ $\epsilon>0$ $k:=0$
2:
$(\xi_{0}, \eta_{0})=-gradF(U_{0}, V_{0})$
$=(AV_{0}N-U_{0}$ sym $(U_{0}^{T}AV_{0}N),$ $A^{T}U_{0}N-V_{0}$ sym $(V_{0}^{T}A^{T}U_{0}N))$
$=(AV_{0}-U_{0}U_{0}^{T}AV_{0}, A^{T}U_{0}-V_{0}V_{0}^{T}A^{T}U_{0})$ (5.1)
$(\overline{\xi}_{0}, \eta_{0})=(\xi_{0}, \eta 0)$








4.3 ($p=1$ ) $p$
$(\tilde{U},\tilde{V})\in$
$St(p, m)\cross St(p, n)$ $u_{1},$
$\ldots,$ $u_{p}$ $v_{1},$ $\ldots,$ $v_{p}$
$\tilde{U}$ V
$\tilde{U}=(u_{1}, \ldots, u_{p}),\tilde{V}=(v_{1}, \ldots, v_{p})$
$u_{i}$ $v_{i}$
$i$
$u_{i}^{*}$ $v_{i}^{*}$ tr $(u_{i}^{T}Av_{i})$
$\sigma_{i}$
$i$ $p=1$
$v_{i}$ ) $(u_{i}^{*}, v_{i}^{*})$
$u_{i}^{*}$ $v_{i}^{*}$ $i=1,$ $\ldots,p$
$U_{*}$ $V_{*}$ $U_{*}=(u_{1}^{*}, \ldots, u_{p}^{*}),$ $V_{*}=(v_{1}^{*}, \ldots, v_{p}^{*})$
$U_{*}\in St(p, m)$ $V.$ $\in St(p, n)$
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Algorithm 5.2 1.2
1: $(U_{0}, V_{0})\in St(p, m)\cross St(p, n)$ $-$ $\epsilon>0$ $k:=0$
2:
$(\xi_{0}, \eta_{0})=-gradF(U_{0}, V_{0})$
$=$ $(AV_{0}N-U_{0}$ sym $(U_{0}^{T}AV_{0}N),$ $A^{T}U_{0}N-V_{0}$ sym $(V_{0}^{T}A^{T}U_{0}N))$ (5.2)
$(\overline{\xi}_{0,\overline{\eta}0})=(\xi_{0,\eta 0})$




7: $(\tilde{U},\tilde{V})$ $:=(U_{k}, V_{k})$
s: for $i=1,2,$ $\ldots$ , $p$ do
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